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Abstract. - The effect of Rashba spin-orbit (SO) interaction on the hole states in a quantum dot 
is studied in the presence of an external magnetic field. We demonstrate here that the Rashba 
SO coupling has a profound effect on the energy spectrum of the holes revealing level repulsions 
between the states with the same total momentum. We also show that the resulting spin-orbit 
gap is much larger than the corresponding one for the electron energy levels in a quantum dot. 
Inter-hole interactions only marginally reduce the spin-orbit gap. This enhanced Rashba effect 
would manifest itself in the tuneling current which depends on the spin-orbit coupling strength. 
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Introduction. — Semiconductor quantum dots are 
the nanoscale zero-dimensional systems with discrete en- 
ergy levels, much like in atoms (and hence the popular 
name, artificial atoms [1]). They have one great advan- 
tage that their shape and the number of electrons in those 
systems can be controlled externally and as a result, they 
have been the subject of intense research in recent years. 
They are particularly promising as components of futur- 
istic devices for quantum information processing [2] and 
for coherent spin transport [3]. The spin states of these 
systems are ideal for applications because of their relative 
inscnsitivity to electrical noise in a device environment [4] . 
One proposed mechanism for coherent spin manipulation 

i in quantum nanostructures is via the Rashba spin-orbit 
(SO) coupling [5,6]. The SO interaction can arise in a 
quantum dot due to confinement and lack of inversion 
symmetry of the nanostructure which creates a local elec- 

, trie field perpendicular to the electron plane [7,8]. The 
SO coupling strength can be varied by changing the asym- 
metry of the quantum structure with an external electric 
field. The magnetic field effects on the properties of low- 
dimensional systems, such as quantum wells and quantum 
dots with the Rashba interaction has been reported in ex- 
periments [9] and theory [10]. In our work on Rashba 
effects in electron dots [11], we found multiple level cross- 
ings and level repulsions that resulted from the interplay 
between the Zeeman and the SO couplings. Level anti- 
crossings observed in quantum nanostructures have been 
attributed to the presence of SO coupling in those sys- 
tems [12]. However, studies of the Rashba effect on quan- 



tum dots as yet, are limited only to the case of electrons 
as charge carriers. 

The importance of holes in semiconductor spintronics 
is well documented [13] in the literature. Some theoreti- 
cal results about hole states in quantum dots have been 
reported earlier [14-16]. Experiments on hole levels in 
quantum dots have also been reported recently [17-19]. 
Rashba effect is expected to be stronger in p-type quan- 
tum wells [20] . Interestingly, for holes the Dresselhaus ef- 
fect (due to bulk inversion asymmetry) is small compared 
to the Rashba effect [21]. In this Letter, we report on our 
studies involving the hole levels in planar quantum dots 
with Rashba SO interactions. We find that the SO gap at 
the anticrossings of the energy levels is much larger than 
those for the case of electrons. Inter-particle interactions 
(Coulomb type) reduce the gap somewhat, but it is still 
orders of magnitude larger than the corresponding ones 
for electrons. 

The Rashba effect for holes is different from that for 
the electrons. It is well known that the electron Rashba 
coefficient increases nearly linearly with an increase of the 
electric field. But the two-dimensional heavy hole systems 
in single heterostructures exhibit a decrease of Rashba 
SO splitting with an increase of the electric field [22]. 
The effect for a two-dimensional light hole system is how- 
ever the same as that for the electrons. Determination 
of the Rashba coefficient for holes was reported for the 
InP quantum wires [23] where the band mixing was taken 
into account. The result was that as the electric field in- 
creases, the hole Rashba coefficient increases at first, then 
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decreases. There is also a critical electric field for which 
the hole Rashba coefficient vanishes. No such calculations 
have been reported as yet, for the hole Rashba coefficients 
in quantum dots. However electric field still remains an 
useful tool to control the Rashba coefficient. 

Theory. — Let us consider the hole states in a 
InAs/GaAs cylindrical quantum dot in the presence of an 
external magnetic field directed along the z axis. Tak- 
ing into account only the Tg states which correspond to 
the states with hole spin J = 3/2, we can construct the 
single-hole Hamiltonian of the system as 



H = H L +H Z + V conf {p, z) + Hso- 



(1) 



Here Hl is the Luttinger hamiltonian in axial representa- 
tion obtained with the four-band kp theory [16, 24] 
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where 



H h = (7i + 7 2 )(n£ + n^) + ( 7l - 2 72 )n; 
Hi = (7i-7 2 )(n£ + n^) + ( 7l + 2 72 )n; 



R = 2V3 73 in_n z , S = y/frylP_, 7 = ±( 72 + 73 ), and 
II = p — -A, n_|- = Hj. ± in,,. 7i,72 and 73 are the 
Luttinger parameters and too is the free electron mass. 
The Hamiltonian is presented in the hole picture, where 
the energies are positive, A is the usual symmetric gauge 
vector potential. The Zeeman Hamiltonian Hz is a 4 x 4 
diagonal matrix with diagonal elements —K^BBj z , where 
k is the fourth Luttinger parameter, /is is the Bohr mag- 
neton and j z is the projection of the hole spin on the z 
axis {j z =3/2,1/2,-1/2,-3/2). 

We choose the lateral confinement potential of the dot 
as parabolic with oscillator energy Ucoq. This can be jus- 
tified from the energies of far-infrared absorption on such 
dots which show only a weak dependence on the electron 
occupation [25]. We also take into account the confine- 
ment potential in the z direction as a rectangular well of 
width L. Just as for electron states in parabolic quantum 
dots [11], the term Hso describes the Rashba spin-orbit 
coupling [5] due to the inhomogeneous potential that con- 
fines the holes in a plane 



a , 



w so = r [J-n] 



a 



(3) 



where a is the Rashba coefficient for the holes and J x , J y 
are the hole spin matrices 
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Fig. 1: Magnetic field dependence of single hole energy levels in 
the absence of spin-orbit coupling, (a) Our theoretical results: 
Solid lines have even parity and dashed lines have odd par- 
ity, (b) Results derived from the experimental data [18]. The 
curves are labelled by their corresponding total momentum F z . 
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It is well known [26] that in two-dimensional systems for 
heavy holes the Rashba interaction is cubic in momentum 
because the linear term is zero and we have to keep the 
higher order terms. In the case of quantum wires and 
quantum dots it is not possible to separate the heavy and 
light hole states any more due to strong band mixing ef- 
fects. Then the linear term in Rashba interaction will 
not be zero and we can neglect the cubic terms which are 
much smaller. The final form of the spin-orbit coupling 
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hamiltonian is then 
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The Hamiltonian (1) is rotationally invariant. Therefore it 
will be useful to introduce the total momentum F = J + L, 
where J is the angular momentum of the band edge Bloch 
function, and L is the envelop angular momentum. Since 
the projection of the total momentum F z is a constant of 
motion, we can find simultaneous eigenstates for (1) and 
F z [27]. Therefore for a given value of F z a general hole 
state can be written as [16] 

* Fz (p,0,z) = 1>j, (P, z)c^ )0 |3/2,j z ), 



where |3/2,j z ) is the Bloch function, ipj z (p,z) is the en- 
velop function and instead of the angular momentum 
quantum number I = 0, ±1, . . ., we write its allowed values 
l = F z -j z . 

First, we solve the problem only for Hh which corre- 
sponds to the state |3/2, 3/2). For the in-plane problem 
we get the equation of a two-dimensional harmonic oscil- 
lator in a magnetic field, the solution of which is 



fnl(p, 6) — C n i 



(4) 



In Eq. (4) L l n (x) is the generalized Laguerre poly- 
nomial, C n l = i 



fi(7i+72) 
mow 



K 2 . 



72)/tooC is the cy- 
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clotron frequency, and n is the radial quantum num- 
ber (n = 0,1,...). The energy levels are given by 
E nl = 2Tilu (n + 1/2(| /| + 1) - Ilo c /Auj) . For the z part of 
the problem we can use the results for a one-dimensional 
rectangular quantum well 
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with energies E s — 7t 2 h s 2 (ji — l^jlm^L 
1,2,3,... 

It is logical to seek the eigenfunctions of Hamiltonian 
(1) as an expansion with the basis functions (4) and (5). 

* F ,{p,e,z)= ]T C{n,s,j z )f nMz { P ,e)g s {z) (6) 

n,s,j z 

or in the corresponding spinor representation. 

The matrix elements of the Hamiltonian (1) can then 
be evaluated analytically. All energies and wave functions 
for the single hole system are evaluated numerically using 
the exact diagonalization scheme [11]. If we choose n max 
number of in-plane basis states and s max number of basis 
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Fig. 2: Dependence of the single hole energy levels on the 
magnetic field taking into account the spin-orbit coupling, (a) 
a = 10 meV nm. (b) a = 20 meV nm. Solid lines: F z = ±1/2, 
dashed lines: F z = ±3/2, dotted lines: F z = ±5/2. The spin- 
orbit gap _Bso vs a is shown as inset. 



states for the z direction, we get a matrix of the order N = 
4n max s max . In that matrix each element of the Luttingcr 
Hamiltonian has its submatrix of order n max s max . The 
submatrix of Hh will be diagonal, but the submatrix of 
Hi will not be so because we are using the eigenfunctions 
of Hh as the basis functions. We have also considered an 
interacting two-hole system, where the interaction matrix 
elements are formally same as those for electrons [1,11]. 

Discussion of results. — All computations were car- 
ried out for the InAs/GaAs quantum dot with parameters 
71 = 11.01, 72 = 4.18, 73 = 4.84, k = 1.2 and the di- 
electric constant, e = 12.4 [28]. The height of the dot is 
taken as L — 4.5 nm and the in-plane confinement energy 
huio = 20 meV which seems to be very reasonable [18,29]. 

First we compare our results for a = with the results 
of the experimental work [18] where the dependence of the 
single hole energy levels on the magnetic field was evalu- 
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ated using the capacitance- voltage and polarized photolu- 
minescence spectroscopy measurements in high magnetic 
fields. In Fig. 1 the magnetic field dependence of the single 
hole energy levels are presented for different values of the 
total momentum F z . Our results are shown in Fig. 1(a), 
and the ones derived by the experimental group [18] are 
shown in Fig. 1(b). In both figures the ground state cor- 
responds to F z = —3/2, which lies below the state with 
F z — 3/2 for all values of the magnetic field. Clearly, 
in Fig. 1(a) there are some levels with F z = ±1/2 and 
F z — ±5/2 (dashed lines) that are absent in Fig. 1(b). 
The solid lines in Fig. 1(a) have even parity while the 
dashed lines have odd parity [16]. We believe that the ab- 
sence of the lines in Fig. 1(b), but presence in our results 
is due to the parity selection rule which in the photolu- 
minescence spectroscopy experiment does not allow the 
states presented as dashed lines in Fig. 1(a). In Fig. 1(a) 
the energies of the states F z = ±5/2 with even parity 
are found to decrease with increasing magnetic field. This 
is in contrast to the experimental data [Fig. 1(b)], where 
the energy of the state F z = 5/2 increases with increasing 
magnetic field. This difference in the magnetic behavior is 
due to particular assumptions in [18] that are employed to 
derive the hole energy from the experimental data. How- 
ever, what is crucial here is the separation between the two 
curves that is very similar in both cases. One of the most 
interesting experimental results of [18] is the level crossing 
point around 12 Tesla between the states F z = —1/2 and 
F z = —5/2, which is also present in our results in Fig. 1(a). 
Overall, our results for the hole energy levels (in the ab- 
sence of Rashba effect) are in quite good agreement with 
the results of [18]. 

In Fig. 2, the magnetic field dependence of the single- 
hole energy levels is depicted for different values of the to- 
tal momentum F z , where the Rashba spin-orbit coupling 
is taken into account, with a = 10 meV nm [Fig. 2(a)] and 
a = 20 meV nm [Fig. 2(b)]. In the absence of the spin or- 
bit coupling (Fig. 1(a)) the two lowest energy states with 
total momentum F z — 1/2 cross at a finite magnetic field 
near 7 Tesla. Spin orbit interaction mixes the states with 
same total momentum F z and different parities. Hence in 
Fig. 2(a), instead of a level crossing we actually have an 
'anticrossing' with an energy gap of Ego ~ 2 meV; we can 
no longer separate the states by parity. With an increase 
of the spin-orbit coupling the size of the gap increases and 
for a = 20 meV nm (Fig. 2(b)) the gap is Eso ~ 4 meV 
[see inset in Fig. 2(a)] . A spin-orbit gap was also found ear- 
lier [30] for the electron states in quantum dots and quan- 
tum rings, but the gap was much smaller in comparison to 
the present case. A comparison of Fig. 2(a) and Fig. 2(b) 
clearly reveals that the effect of the spin-orbit coupling is 
very small for the ground states with F z — ±3/2. The 
reason of this behavior is that the dominant components 
of the states F z = 3/2 and F z = —3/2 are those corre- 
sponding to j z — 3/2 and j z — —3/2 respectively. But 
the spin-orbit Hamiltonian (3) does not mix those states. 
Therefore we conclude that the effect of Rashba spin-orbit 
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Fig. 3: Dependence of the two holes (interacting) energy levels 
on the magnetic field for total momentum F z — (black), 
F z = ±1 (pink) and F z = ±2 (blue), (a) a = 0. (b) a = 10 
meV nm. (c) a — 20 meV nm. Insets show the level crossing 
(a) and level repulsion (b,c) gaps for F z = — 1 and F z = 2. 



coupling is much stronger and more important for the hole 
states in the valence band. It mixes states with even and 
odd parity, removes the crossing points, and introduces 
level repulsion between the states with the same total mo- 
memntum F z . 

In Fig. 3 the magnetic field dependence of the two-hole 
(interacting) energy levels is depicted for different values 
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of the total momentum F z = 0, ±1, ±2. For small values 
of the magnetic field, the ground state has total momen- 
tum F z = 0. But starting from a field of 17 Tesla it 
changes to F z = — 2. In the absence of spin-orbit coupling 
[Fig. 3(a)] we still have several crossing points between the 
levels with same total momentum. Spin-orbit interaction 
[Fig. 3(b) and (c)] again mixes those states and instead 
of level crossings we now have 'anticrossings'. Comparing 
with the single-hole states we notice that the Coulomb 
interaction reduces the values of the level repulsion gaps 
somewhat, but they are still orders of magnitude larger 
than those for interacting electrons in a quantum dot [11]. 
Clearly, the Rashba effect has a much more profound influ- 
ence on hole quantum dots than that for electrons which 
would manifest itself in a measurably quantity, such as 
tunneling current in the dot [30]. 
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